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Estimation for the Rasch Model
when both Ability and Difficulty
Parameters are Random

Abstract

Estimation of the paramsters of the Rasch model, a one
parameter itemn responss model, is considered when both the
itesn paramesters and the ability parameters are considered
random quantities, It is assumed that the itetn parameters are

amme tan to the das 'oer
)

drawn from a N( distribution, and the abilities are drawn
Omizreh ) S;qJ -~ Yo f[\q. - Y ‘»..er

from a M@ distribution. A variation of the EM algorithm is
Q“’""’
uad{tofindapproximatemaximumlihlihoodestimtuotj,)’h"
11 ;

and d' A second approach assumes that the difficulty
parameters are drawn from a uniform distribution over part of

the real line. Real and simulated data sets are discussed for
f

illustration. )davmb * Shiiolead doto, st (1.0

Key Words: EM algorithm, Item responss curve, Rasch model.
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Introduction

Suppose that the responses of n examinees to k test items are assermbled in an
nXkmatrixlofbinnryvarinbles.withYﬁ=1iftheithennﬂnee’sanswer.toitan
jiscorrect.aninj‘-%Ootherwise. It will be assumed that the model for the
responses is the Rasch model, i.e.

= XY =1{6,

Py l’(i~i 'i”,)

= expl0-8 J) /14 exp(oi-ﬂj) ] (1.1)
whereaiistheabilityoftheithenmineeandﬂjisthedifficultypuuneterfor

itemn j. Here 6 and 8 may take on any values on the entire real line. Gim£=(01.

....Gn)and£=(ﬂl.....Bk).eonditionalindependenceamongtlwmponseswﬂlbe
assumed, i.e.
- I
wyleg) = & of ol a-p)n (12)

The Rasch model is the simplest and probably the most widely used model in
item response theory. As Thissen (1982) points out, there are situations where the
Rasch model does fit test data well. However, it is overly simplistic in some
situations, and so two and three parameter models (2PL and 3PL) have been proposed
and studied. Estimation schemes for the 2PL and 3PL are usually much more
involved than for the Rasch model. In addition, the 2PL and 3PL models require a
large n in order to accurately estimate the second and third parameters of some
items (Lord, 19683a). Thus when n is small, under about 200, the 2PL and 3PL modsls
are not practical, and the Rasch model should be used. The results of this paper
should be useful in these situations where the Rasch model is appropriate.
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Wheng'andgarebothconaidendfbmdbutunknownquantitiu.thcshndnd

maximum likelihc .d (ML) procedure of Birnbaum (1968) is applicable and has been
studied extensively. There have been several recent proposals related to the EM
algorithm (Dempster, Laird, Rubin, 1977) for estimating B or 6 -when 6 is treatsd

a random sample froom a normal distribution. For example, Sanathanan and
Blumenthal (1978) give ML solution for parameters of this normal distribution when
guummmmm(m)mdmm(m)mmmobmm

mﬁnﬂﬂaﬁmatudﬁ.andﬁgdonand?mhkam(m)dmm.aﬁmaﬁm
ofbothgandthemmeterofthenmnaldistribution. In each of these cases

individual ability parameters can be subsequently estimated by computing the
posterior mean of 0 after replacing the unknown parameters (ie., B or the

parameter of the normal distribution) by their ML estimate.

It is well known that the maximum likelihood estimate of ability is not finite
for examinees that have a response pattern of all correct or all incorrect answers.
The procedures mentioned in the previous paragraph possess the advantage of
yielding a finite estimate of ability even in such situations. If the number of
examinees is relatively small, it is likely that the response patterns for some items
will consist of all zeros or all ones. In such a situation the method of maximum
likkelihood and the methods mentioned in the previous paragraph do not yield a
finite estimate of the difficulty parameter. One of the methods proposed in this
article does have the advantage of yielding finite estimates of difficulty and ability
in these situations.

Lord (1983b) showed that for 3PL the maximum likelihood estimate of ability is
positively biased for examinees with high ability and negatively biased for
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examinees with low ability. By placing a prior distribution on the ability
parameters, as is done for the methods mentioned previously and for the methods
proposed here, the ability estimates are "pulled” toward the arigin. Lord (1986) also
indicates, again for 3PL, that Bayesian modal estimates of ability may be biased
inwnrds.butthoirmunsquanmissmanerthmthatform..

Since the Rasch model is syrnmetric, in the ssnse that the probability of correct
response depends only on the difference between the ability and difficulty
parameters, the same problem of bias exists for the difficulty parameters. In this
paper we deal with the case where the difficulty purameters are also treated as a
random sample from some prior distribution. The use of a prior distribution for
the difficulty parameters again ""pulls” the estirnates toward the origin.

chpnmebnoftbepﬁordistdbutionfor(i.ﬁ)mknnwmtheninfem

onoiorpjclnbahaadonthepmteriordistﬁbuﬁon.;iven&wdatamatﬁxz'. In

the absence of known prior parameters, we consider replacing them by estimates
obtained from the data, and thus adopt a parametric empirical Bayes (PEB) approach
(Morris, 1983). One general procedure for estimating such prior parameters is by
maximum likelihood, using the marginal likelihood function of the parameters.
Unfortunately this approach presents insurmountable numerical problems. We
propose instead an approximation suggested by the CMLF procedure of Rigdon and
Tsutakawa (1983). For situations in which prior knowledge of g is diffuse and 8

cannot be treated as a random sarnple, we propose a limit of ths above method by
taking the prior of 8 to be locally uniform. Comparisons of these procedures to each
other and to the MLF estimator of Rigdon and Tsutakawa (1983) are made by using
simulated data sets.

CUDUCIOOORN AN 4 e UMMM w U Ut L8N 4 BN N f X " .. - AN A TN AN, r s ‘ 3



Methodology

Suppmenowthatal.ﬂa.....Onarealectedfmmanormaldistributionvn’th
meanmmandvarianceaz.andthatpl.pz.....ﬂkareseléctedfrmnanormal

4
distribution with mean 7 and variance 7 . The value of (0,7,7) which maximizes
themarginnllikelihoodofthaoburveddatal.i.e.

py loaT) = IS pyd .8 |onT)dd dp 1)

3 is called the marginal maximum likelihood estimator (MMLE). However, under the
above assumptions, maximization of this quantity presents insurmountable
numerical problems since multidimensional integrals must be evaluated, even if the

g EM algorithm of Dempster, Laird and Rubin (1977) is applied. Instead we propose a

' variation of the EM algorithm, which is similar to the CMLF method of Rigdon and

i ' Tsutakawa (1083). Note that the posterior density of Gi given (gﬂ) can be written

po |y.80)<pld | o) oy 16.8)
i ~~ i Fl ijg 1

o expl 6, - e:"'/za2 1/ T;!x [1+explo, - )] (22)
. where
i j":y i

is the raw score of examinee i. Similarly, the posterior density of ﬂj given (g .7
can be written

Mo 1y, 0. v <8 v DR e, 16, 8)

« oxpl a8 - @-12r 1/ 11+ explo - 5)] 23)
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where

Now

Q=% .

§ =g
these densities are numerically tractable, since, except for normalizing

constants, they are just products of other densities which are easy to evaluate. Since
neither 2, nor g are available, we exploit this tractability by applying the following

algorithm. Start with some initial value (8

~(o)'c(o)' (o),T(o)). set m equal to zero and

repeat the following steps:

ST RS AR T O A O S A Sl S S S e Ny

YL 1
W T b i

El Step: Compute the posterior expectations

o _
8" =E@ |y .g(m).o(m)) (24)
and
@ _ .2
0 =E0 |y B oy )- (25)
megz=(of.. .. ,0:). These expectations are evaluated by normalizing and

2
integrating (2.2) times Oi and Oi for i=1 to n.

E2 Step: Compute the posterior expectations

o _ ()
B =EB 1Yo YTy (26)
and
@ _ 2 )
8 E(£ | yo (m).T (m)). (7)
where g = (ﬂz /32) and set 8 = Bm These expectations are evaluated
~ U ™ ~mt1) ~

by normalizing and integrating (23) times # and p? for j=1 to k.

M Step: Set

s X . = ala ol n S X Z



_ (@ /2

% = (:2.__‘_‘1 ) /n ) 28)
_ )

Tenen = jzflnj /kc @9 |
(kD /2

L (J.Z:ﬂj /k lv(m +1)]z )1 . : (2.10)

where aﬁ") (pg")) is the i * (;) element of the vector o ® 6™, =1, 2. Increment

~

m and test for convergence. If convergence is attained to a prescribed level
then stop, otherwise go to the El1 Step. :

Upon Convergence, the final value (o, 7, 6) of (o, ., , @ ) maximizes the two
(m) “(m) (m)

conditional likelihood functions given by
U1 D= vyle. Do lo)an

and
U1 = By |G D eg 7.7 a8
where (6, §) satisfies the equations
g=56 |y § 3
and
E=Eply.0.77.

In Rigdon and Tsutakawa (1983), CMLF stood for Conditional Maximum Likelihood '
Fixed (the difficulty parameters were fixed, ie. not random). Keeping the same ‘
naming strategy, we call the method described here CMLR, for Conditional Maximum _
Likelihood Random (the difficulty parameters are considered random). It should be )
noted that all expectations required for this method are single integrals and must be
evaluated by using numerical techniques. Gauss—Hermite quadrature formulas are 1
appropriate (see Stroud and Secrest, 1966). .

.
A A Ny Ay - A
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Once estimates for o, 7, and 7 are obtained, we estimate the &s and f's by
evaluating the means of the posterior distributions as in equations (2.4) and (2.6).
Approximate interval estimates for the s and f£'s can be obtained by approximating
the posterior distribution by a normal distribution using the posterior mean and
standard deviation. That is, the interval estimate for Giis .
SIS
andforﬂjtheintervalutimateis

o @ _ 07y
6 xz_ (8°-18°T)

is the (1-a/2) point of the standard normal distribution {unction.

1 0(1)
' i

where z

1-a/2
Insomacaaas.themismuspriorinformaﬁonmgardhggmdtheassumption

thatgisanndomsnmplefromaconunondistﬁbutionmaynotbemamable.

One Bayesian solution to this problem is to adopt-an independent uniform prior
distribution on each ﬂj. In this case (7,7) does not exist, equation (2.9) is not

necessary and the M Step reduces to computing o (m+1) only. The posterior density of

Bj is now replaced by

pe, 1 78) = expl-Ba) / [ 1+explo - 8)] (211)
This method will be called CMLU, for Conditional Maximmum Likelihood Uniform,
since the prior is uniform. This method does not have the advantage of yielding
finite estimates of the difficulty parameter when the response pattern for that item

consists of all zeros or all ones.
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An Example

We will illustrate our methods using results from a test of general knowledge
regarding arthritis, which was administered to hospital patients. This data set was
previously used in Tsutakawa (1964) and consists of responses to k=47 itemns by
n=162 patients. We will compare the methods proposed here, ie. CMLR and CMLU
with the MLF method of Rigdon and Tsutakawa (1983), since these methods are
similar in the way that they apply the EM algorithm. The CMLF estimates are
nearly identical to the MLF estimates. The estimates of the prior parameters, or the
appropriate sample statistics, are shown in Table I for the MLF method and the CMLR
and CMLU methods of this article; the average of the estimated abilities are also
shown. Tables II and III display the estirnates of the ability and difficulty
parameters, respectively. Both the ability and difficulty estimates obtained by MLF
and CMLU are quite close. The estimates obtained by CMLR are somewhat less
disperse than the estirnates obtained by other methods.

— " — - —— . - — — — — —— o e - — — o - e o — o — o — — — —
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Simulations

The computer—generated data sets of Rigdon and Tsutakawa (1983) are used here
to compare the perfarmance of the various estimation procedures. The ability
parameters were randomly generated from the standard normal distribution. The
difficulty parameters were chosen deterministically as the 1, 3, . . . , 89 percent
points of the following distributions:

i)  the standard normal,

/2

ii) the uniform over the interval (—31 , 31/2). and

iii) the parabolic U-shaped with density h(x) = (5/27)x" + (7/36)
for -15<x <145
These represent sets of item parameters with difficulties (i) concentrated near the
average ability, (ii) spread out uniformly, and (iii) sparse near the average. The six
mponamatdcaslwasthen randomly generated using the probabilities of correct

response which depend on § and #_ through the relation in (1.1).

The estimates of the parameters of the prior distribution are shown in Table IV
for CMLR and CMLU and for the MLF method of Rigdon and Tsutakawa (1983). The
averages of the estimated abilities are also shown in this table. For MLF and CMLU
(where v and T are not part of the model) the sample means and standard

deviations are shown for comparison. The averages of the sets of estimates tend to
be quite close. The major difference between the sets of estimates seems to be in the
dispersion. The difficulty estimates obtained by CMLR tend to be less disperse than
those for the other methods. Ability estimates from CMLR are also less disperse, but
this is not as pronounced.

O Mo S R A S AN S e S
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Comparisons can be made between the actual values and the estimated values since
the data were simulated. Ameasureoftheaccuracyofthesabmeedumisthcrmt
mean squared deviations (RMSD's),

{2 @ - 9/n1"
and
12,6, - B/’
whereaiandﬁjmestimataofaiandpj. The RMSD's for the MLF, CMLR and CMLU

methods are given in Table V. In most cases the performances of the procedures are
quite close. In some cases the RMSD of the CMLR estimates of difficulty are
considerably less than the RMSD's for the other methods. Two of these cases occur
when the distribution of the f's was chosen to be '"U"'-shaped, indicating that the
CMLR method is robust with respect to the assumption that the £'s come from a
normal distribution.

The frequencies of actual values within two posterior standard deviations of the
estimates are also shown in Table V. As can be seen from this table, close to 85 per
cent of the estimates are within these limits, a result we would expect if the

posteriors were normally distributed. This indicates that the posterior distribution
may be useful in assessing the uncertainty in an estimate of 6 or 8.

- - gh
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Discussion

A Bayesian who has not seen the iterns may be inclined to assume that the prior
distribution of f, is exchangeable. This person may then find it convenient to

represent the exchangeable prior through a normal distribution having a
hyperparameter with a subjective prior distribution. A frequentist, on the other
hand.mayviewgasamndmnsamplefromalargerpoptﬂationmiatadwitha

large or hypcthetically large itemn pool. This person might then find it convenient to
view this population as one having a normal distribution which can be estimated.
Our first estimate, CMLR, conforms more to the latter point of view, whereas our
second estimate, CMLU, is more compatible with the former when the prior for f, is

diffuse.

We feel that our method can be recommended in situations where there are
relatively few examinees and there is limited information about the item response
curves. When the data satisfies the assumptions for the Rasch model and n is
larger, our estimates should be in close agreement with the conventional ML
estimates. For small n, not only does one have problems with the nonexistence of
ML estimates, but the asymptotic properties for measuring the precision of these
estimates will be of lirnited value. Our method seems particularly suitable for
handling such cases.

The extension of our approach to 2PL and 3PL is clearly possible. Such
extensions would require introducing additional distributions for the additional item
parameters and developing efficient techniques for numerically evaluating two and
three dimensional integrals, corresponding to (2.8) and (2.7).
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Table I

Estimates of Parameters of Prior
Distribution for Arthritis Test

Nethod 23',/162 o v ' T

wr 0.00 0.76 -0.90+ 1.17+
0.02 0.7¢ -0.88 1.12
0.01 0.78 -0.89s 1.16¢

* Sample statistics used in these entries.
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Table II

itis Test

Estimates of Abilities for Art

3
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Table III

Estimates of Difficulty Parameters for Arthritis Test

Item Score

149
148
146
145
143
141
139
136
136
133
132
130
123
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Table IV

Estimates of Parameters of Prior
Distribution for Simulated Data Sets

B's n Method P> ai/n (4 '1 T
NLF -0.01 0.97 0.11+ 1.00+
¥¢0,1) 50 CMLR -0.00 0.93 0.11 1.00
CHLU -0.00 0.98 0.11+ 1.10+
NLF -0.01 1.03 0.01s 1.03+
¥¢0,1) 200 CMLR -0.00 1.02 0.01 0.99
CMLU -0.00 1.03 0.01s 1.02+
NLF -0.00 1.14  -0.26s 1.03+
Unifora 50 QIR -0.00 1.00 -0.25 0.94
CMLU 0.00 1.14  -0.26 1.03+
NLF -0.00  0.97 0.09+ 0.99s
Uniforms 200 CMLR 0.01 0.95 0.11 0.06
CMLU -0.01 0.96 0.09s 0.98s
NLF 0.00 0.99  -0.04¢ 1.04+
"Un-shaped 50 CMLR -0.00 0.956 -0.04 0.96
CMLU 0.00 1.00  -0.04¢ 1.05+
NLF 0.00 1.06  -0.01¢ 1.06+
ny"-shaped 200 CMLR 0.01 1.04 0.01 1.08
CMLU 0.00 1.06  -0.01s 1.05+

+ Sample statistics used in these entries.
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Table V

Comparison of Actual and Estimated Values:

Simulated Data Sets

Freq. of 8 Freq. of 8
B's n Method RMSDO RMSD 8 within 2 sd. within 2 sd.
MLF 0.304 0.311 48 -
0,1 80 CLR 0.355 0.319 48 48
awu 0.426 0.311 48 47
MLF 0.173 0.322 191 -
0, 200 QLR 0.173 0.324 189 47
o 180} 0.167 0.324 190 48
NLF 0.263 0.326 48 -
Unifora 60 CMLR 0.268 0.324 48 48
o 1R} 0.266 0.326 48 49
WLF 0.1585 0.322 193 -
Unifora 200 QLR 0.158 0.324 192 48
awy 0.165 0.319 193 49
WLF .336 0.208 48 -
*"U"-shaped &0 QLR .318 0.300 49 50
oy .341 0.208 48 60
MLF .161 0.322 187 -
"U"-shaped 200 CHLR .145 0.322 188 47
Qi .168 0.322 188 48
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